
















$\mathrm{R}^{2}$ , : $\triangle_{E}=-(\partial^{2}/\partial x^{2}+\partial^{2}/\partial y^{2}),$ $\Omega$ $\mathrm{R}^{2}$
( $=$ ) , Dirichlet
$\{$
$\Delta_{B}u=\lambda u$ , in $\Omega$ ,
$u=0$ , on $\partial\Omega$ .
$(0<)\lambda_{1}\leq\lambda_{2}\leq\cdots$
. , $\lambda_{n+1}/\lambda_{n}$ ,
. 1956 , $\mathrm{p}.\mathrm{a}\mathrm{y}\mathrm{n}\mathrm{e}-\mathrm{P}61\mathrm{y}\mathrm{a}- \mathrm{w}_{\mathrm{e}}\mathrm{i}\mathrm{n}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{r}[14]$ ,
1.1 $\forall n\geq 1,$ $\forall\Omega:\mathrm{b}\mathrm{d}\mathrm{d}$ .
$\frac{\lambda_{n+1}}{\lambda_{n}}\leq 3$.
,
12(PPW Conjecture) $\forall\Omega\in \mathrm{R}^{2},$ $\mathrm{b}\mathrm{d}\mathrm{d}$.
$\frac{\lambda_{2}}{\lambda_{1}}|_{\Omega}\leq\frac{\lambda_{2}}{\lambda_{1}}|_{\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}}=2.539\ldots$
11, $\frac{\lambda_{2}}{\lambda_{1}}|_{\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{c}}$ $l\mathrm{h}\Omega$ $\text{ _{ }}\mathrm{f}\mathrm{L}\text{ }\ovalbox{\tt\small REJECT}^{-}\mathcal{T}$. $\text{ }$ , 6 $\Omega$ \emptyset & 9 $\grave{\mathrm{b}}\text{ }$ .
. 1991 Ashbaugh-Benguria [2]
. , 2539. . . , Bessel $J_{n}(x)$ .
motivation
$1^{\mathrm{O}}$ Universal inequality.
$\Omega$ , , universal inequality
. , $\triangle_{E}$ ,
. 1 .
’ $\mathrm{E}$-mail: YHK03302@nifty ne jp
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$2^{\mathrm{o}}$ .
$(\lambda_{n})_{n\in \mathrm{N}}$ 2 $\Omega_{1},$ $\Omega_{2}$ , $\Omega_{1}=\Omega_{2}$ ,
. 1966 Kac [10] , .
12 , , 2 ,
. , $\mathrm{R}^{2}$ 1992 , Gordon-
Webb-Wolpert [5] (i.e. $(\lambda_{n})_{n\in \mathrm{N}}$ ,
2 ).
. , $\triangle_{E}$
$\triangle=-y^{2}(\partial^{2}/\partial x^{2}+\partial^{2}/\partial y^{2})$ , $\mathrm{R}^{2}$ $H$ , $\Omega$ $\Gamma\backslash H(\Gamma$ : 1
Fuchs ) . Maass waveform :
L3 $f$ : $Harrow \mathrm{C}$ $\Gamma$ Maass waveform ,
$(\mathrm{i})\Delta f(z)=\lambda f(z)$ $(\exists\lambda\in \mathrm{C})$ ;
(ii) $f(\gamma z)=f(_{\mathcal{Z})}$ $(\forall\gamma\in\Gamma)$ ;
(iii) $f(z)$ $\Gamma$ cusp
.
, $\lim_{zarrow a}f(z)=0$ ( $a:\Gamma$ cusp) , $f(z)$ cusp form . Cusp form
, cusp forms $(u_{j}(z))j\geq 1$ , $\Delta u_{j}(z)=\lambda_{j}u_{j}(z)$ ,
$0< \lambda_{1}\leq\lambda_{2}\leq\cdots,\lim_{jarrow\infty}\lambda_{j}=\infty$
. ,
1.4 (Selberg ) $\Gamma$ : $\lambda_{1}\geq 1/4$ .
1.5 (Phillips-Sarnak) $\Gamma$ : $\Rightarrow$ { $\mathrm{c}\mathrm{u}\mathrm{s}\mathrm{p}$ forms} $=\{0\}$ .
. Maass waveform , Hejhal [6], Iwaniec [8], [9],
Kubota [11], Terras [20] . , $\Gamma$
$(*)$ $\Gamma\subset SL_{2}(\mathrm{Z})$ $\Delta$ $\Gamma$
. :
16 $\Gamma$ $\triangle$ $j$ $\lambda_{j}$ $\lambda_{j+1}/\lambda_{j}$ .
Motivation
, $H$
, $\mathrm{R}^{2}$ analogy , $H$
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. , $\mathrm{R}^{2}$ . $\mathrm{R}^{2}$ ,
$\Omega$
$\lambda_{1}$ (
), $\lambda_{1}$ $\Omega$ , . $\Omega$
$\pi a$ $\pi b$ , $\lambda_{1}=1/a^{2}+1/b^{2}$ , $a$ ,
$b$ $\lambda_{1}$ $1/a^{2}$ . $\mathrm{v}\mathrm{o}\mathrm{l}(\Omega)$ :
$\lambda_{1}|_{\Omega}\geq\lambda_{1}|\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{C}$
(Faber-Krahn ) , , $\Omega$ r ,
$\lambda_{1}\geq\frac{1}{4r_{\Omega}^{2}}$
(Osserman [12]) . , $\lambda_{1}$
. , PPW Conjecture , $\lambda_{2}/\lambda_{1}$
. $H$ $\lambda_{1}$ Selberg
, $\triangle$ \searrow ,
. , $\Delta_{E}$ , $\mathrm{p}\mathrm{a}\mathrm{y}\mathrm{n}\mathrm{e}-\mathrm{p}6\iota_{\mathrm{y}}\mathrm{a}- \mathrm{w}_{\mathrm{e}\mathrm{i}\mathrm{n}}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}\mathrm{r}[14]$
, Arnol’d et $\mathrm{a}1[1]$ , Osserman [13], Protter [16], Yau [21] .
Euclid ,
,
$1^{\mathrm{O}}\lambda_{j}\geq\exists X_{0}$ $\lambda_{j}$ $\lambda_{j+1}/\lambda_{j}\leq M$ (for $\exists M>0$).
$2^{\mathrm{o}}$ $\lambda_{j}(<x_{0})$ $\lambda_{j}$ $\lambda_{j+1}/\lambda_{j}$
.
. $1^{\mathrm{O}}$ $(*)$ $\Gamma$ ,
Selberg . $2^{\mathrm{O}}$ , Hejhal [7] $SL_{2}(\mathrm{Z})$
. $2^{\mathrm{O}}$ $SL_{2}(\mathrm{Z})$ . :
17 $\Gamma$ $(*)$ $SL_{2}(\mathrm{Z})$ , $\Gamma$ $\Delta$ $j$
$\lambda_{j}$ , $\lambda_{j}\geq 677$ $\lambda_{j}$
$\frac{\lambda_{j+1}}{\lambda_{j}}\leq\frac{8}{5}$ .
8/5 , $SL_{2}(\mathrm{Z})$ $\lambda_{j+1}/\lambda_{j}$ , $\lambda_{j}<677$ $\lambda_{2}/\lambda_{1}=1.628\ldots$
(
). ,




, 17 . , Selberg
, , – –




, 17 . $(*)$ $\Gamma$ ,
$SL_{2}(\mathrm{Z})$ . , $SL_{2}(\mathrm{Z})$
, ,
. , . $SL_{2}(\mathrm{Z})$
Selberg :
21(The Selberg trace formula for $SL_{2}(\mathrm{Z})$ ) $h(r)$
:
$\{$






. $j\geq 1\text{ },.r_{j}$ $\lambda_{j}=1/4+r_{j}^{2}$ .
:
$j1 \sum_{=}^{\infty}h(rj)$ $=$ $\frac{1}{4\pi}\int_{-\infty}^{\infty}h(r)^{\frac{\varphi’}{\varphi}}(\frac{1}{2}+ir)dr+\frac{1}{12}\int^{\infty}arrow\infty r\tanh(\pi r)h(r)dr$
$+$ $\sum_{P}\sum_{l=1}\infty\frac{g(l\log p)\log p}{p^{\frac{l}{2}}-p^{-\frac{l}{2}}}+\int_{-\infty}\infty\frac{h(r)}{\cosh(\pi r)}(\frac{1}{8}+\frac{1}{3\sqrt{3}}\cosh\frac{\pi r}{3})dr$
$+$ $\frac{1}{4}h(\mathrm{O})(1-\varphi(\frac{1}{2}))-g(\mathrm{O})\log 2-\frac{1}{2\pi}\int_{-\infty}^{\infty}h(r)\psi(1+ir)dr$, (2.3)
$\varphi(s)=\pi^{2S}-1_{\frac{\Gamma(1-S)\zeta(2-2s)}{\Gamma(s)\zeta(2s)}}$
$\psi(s)$ Gamma :
$\psi(s)=\frac{\Gamma’(_{S)}}{\Gamma(s)}=-\gamma-\sum_{n=0}^{\infty}(\frac{1}{n+s}-\frac{1}{n+1})$ ( $\gamma$ :Euler’s constant),
75
$\Sigma_{P}$ $SL_{2}(\mathrm{Z})$ , $P$ $P$ ,
$\gamma\in P$ $g\in SL_{2}(\mathrm{R})$ $g^{-1}\gamma g=(a>1)$ ,
$p=a^{2}$ . , .
, Selberg , $h(r)$
( $=$ ) , , .
$h(r)$ . $h(r)$ (2.1) ,
$(\alpha>11:$ .
, $1\leq|r|\leq\alpha$ ,
. $rarrow\infty$ , $h(r)arrow \mathrm{O}$ . $h(r)$
22 $x_{0}>0$ , $X\geq X_{0}$ $X$ ,
$\sum_{j=1}h(r_{j}/\cdot x)\geq\max_{r\in \mathrm{R}}h(r)$.





$h_{+}(r)=e^{-}A(r-C)^{2}+e-A(r+C)^{2}$ , $h_{-}(r)=Ke^{-}Br2$ ,
$A=a\log k$ , $B=\log k$ , $K=k(k^{-a(1-}c)^{2}+k^{-a(1+c)^{2}})$
,
$a=500$ , $c=1.13$ , $k=1.6$
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. , ( ) , $a=300,400,500$ (
) . $\alpha$ $\alpha<(2ac-a+1)/(a-1)$
, $\alpha$ . $a,$ $c,$ $k$ $\alpha^{2}<398161/249001\approx$
$1.599<1.6$ , 16 . (
geometric trace) . $X_{0}=26$
22 , 17 .
, Selberg , .
, , 2 trace








Selberg , $X$ ( $h(r/X)$
)
$X \sum_{P}\sum_{l=1}^{\infty}\frac{g(lX\log p)\log p}{p^{\frac{l}{2}}-p^{-\frac{l}{2}}}$ (3.1)
. , , Gauss-Siegel .
$\gamma\in\Gamma:=sL_{2}(\mathrm{Z}),$ $g\in G:=SL_{2}(\mathrm{R})$ .
3.1 (i) $\gamma$ :
def
$|\mathrm{t}\mathrm{r}\gamma|>2\Leftrightarrow g$ $1\gamma g=(\exists a>1)$ .
(ii) $N\gamma:=a^{2}$ $\gamma$ norm .
$a$ 2 , $G$
$\delta^{\mathrm{a}}\grave{\backslash }\{$ ; $a>1\}$ , $\gamma$ $N\gamma$ .
$P=[\gamma]=\{\tau^{-1}\gamma\tau;\tau\in\Gamma\}$ $N\gamma=N\gamma’(\forall\gamma’\in P)$ , norm
$\text{ }\mathrm{a}\mathrm{e}$ . , $NP=N\gamma$ $P$ norm .
32 $P=[\gamma]$ $\mathrm{d}\mathrm{e}\mathrm{f}\gamma=\gamma 0\iota(l>1)$ $\gamma_{0}\in\Gamma$ .
77




$D=$ { $d\in \mathrm{N}$ ; $d\equiv 0,1$ (mod 4), $d$ :not asquare},
$h(d)$ : $d$ 2 2 ,
$\epsilon_{d}=(x_{0}+\sqrt{d}y_{0})/2$ $((x_{0}, y\mathrm{o}):X^{2}-dy=42$ )
. ,
3.3 (Sarnak)
{$NP;P$ : } $=\{\epsilon_{d}^{2};d\in D\}$ ,
, NP- $h(d)$ (i.e. h( $P$ $\epsilon_{d}^{2}$ ).





$d \in D\sum_{d\leq x}h(d)\log\epsilon d=\frac{\pi^{2}x^{3/}2}{18\zeta(3)}+O(X\log X)$ . $(xarrow\infty)$ (3.2)
. , Siegel ([19]) ,
P\’olya-Vinogradov
$|_{k=1} \sum^{n}\chi(k)|<cq^{1/2}\log q$ $(n=1,2, \cdots)$
( $\chi(k)$ :non-principal, $\mathrm{m}\mathrm{o}\mathrm{d} q$ ) , $c$
. , $c=2$ (Davenport [4, Chapter 23]). Gauss-Siegel







, $x\geq 12$ ,








, Gauss-Siegel ( , Shintani [18])
, , . $\epsilon_{d}\geq\sqrt{d}$
( ) Abel .
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$A:=$ 1 $.\infty 145\iota 7$
$B:=.47\mathrm{R}36292$
$K:=.06672197605$
$a:=51n$
$c:=\iota.13$
$k:=1.6$
$A:=\mathfrak{B}5.\infty 18146$
$B:=.4700036292$
$K:=.03015130606$
81
